Abstract. In 1984, Oshiro [11] has studied the decomposition of continuous lifting modules. He obtained the following: every continuous lifting module has an indecomposable decomposition. In this paper, we study extending lifting modules. We show that every extending lifting module has an indecomposable decomposition. This result is an expansion of Oshiro's result mentioned above. And we consider some application of this result.
Introduction
From 1958 to 1959, Matlis and Papp studied injective modules over right noetherian rings and they showed the following result: a ring R is right noetherian if and only if every injective R-module has an indecomposable decomposition. As an improved version of this result, in 1982, the following was shown by Müller-Rizvi: a ring R is right noetherian if and only if every continuous Rmodule has an indecomposable decomposition. Furthermore, in 1984, Okado showed the following result: a ring R is right noetherian if and only if every extending R-module has an indecomposable decomposition (cf. [8] ).
On the other hand, in 1972, the result of projective modules over right perfect rings have an indecomposable decomposition was shown by Anderson- Fuller. In 1983, Oshiro showed the following result: every quasi-discrete module has an indecomposable decomposition. In addition, recently Kuratomi-Chang proved that lifting modules over right perfect rings have an indecomposable decomposition. Recently Chang showed that if every co-closed submodule of any projective module P contains Rad(P ), then every X-lifting module over a right perfect ring has an indecomposable decomposition (cf. [1, 3, 7, 12] ).
Also, quasi-injective modules, continuous modules, and projective modules over perfect rings have the exchange property. And, in 1993, Mohamed-Müller showed that continuous modules have the exchange property and, for nonsingular quasi-continuous modules, the finite exchange property implies the exchange property. Dually, in 1996, Oshiro-Rizvi proved that discrete modules have the exchange property and, for quasi-discrete modules, the finite exchange property implies the exchange property (cf. [1, 4, 8, 9] ).
Preliminaries
Throughout this article all rings are associative and R will always denote a ring with unity. Modules are unital right R-modules unless indicated otherwise.
Let M be a module and let K be a submodule of M . K is called an essential 
Let M be a module and let N and L be submodules of
Note that any supplement submodule (hence any direct summand) of a module M is co-closed in M . Following [4] , a module M is amply supplemented if, for any submodules A, B of M with M = A + B there exists a supplement P of A such that P ⊆ B. A module M is supplemented if every submodule of M has a supplement.
For a module M , we use End R (M ), K < ⊕ M , and Rad(M ) to denote the endomorphism ring, direct summand, and Jacobson radical of M , respectively.
For a module M and an index set I, we denote by M (I) the direct sum of I copies of M .
For undefined terms, the reader is referred to [1, 4, 8] .
Remark 2.1 (cf. [4, 8] ). It is well-known that the following implications hold for a module:
Lemma 2.2 (cf. [4, 20.22] ). Every factor module of a (amply) supplemented module is (amply) supplemented.
The following lemma is useful. 
Proof. Since M is amply supplemented, there exists a supplement submodule
A module M is said to have the (finite) exchange property if, for any (finite) index set I,
Lemma 2.5. Let M be a module and let M = ⊕ Λ M λ be an indecomposable decomposition. Then the following are equivalent:
, where 
Let A and B be modules. A is said to be generalized B-injective (or Bojective) if, for any submodule X of B and any homomorphism f :
, and for x = b 1 + b 2 and f (x) = a 1 + a 2 one has a 1 = h 1 (b 1 ) and b 2 = h 2 (a 2 ). As the dual notion of generalized relative injective modules, A is said to be generalized Bprojective (or B-dual ojective) if, for any homomorphism f : A → X and any epimorphism g : B → X, there exist decompositions [4] or [6] (a) every lifting module over a right perfect ring has an indecomposable decomposition.
(b) for a lifting module over a right perfect ring, the finite exchange property implies the exchange property.
In this section, we consider the following problems:
Problem 1. Does any extending lifting module have an indecomposable decomposition?
Problem 2. Does any extending lifting module have the exchange property? Since every quasi-discrete module has an indecomposable decomposition, every discrete module has an indecomposable decomposition. Now we give a direct proof of this result. We show the following theorem.
Theorem 3.2. Every local summand of an extending lifting module is a direct summand.
Proof. Let M be an extending lifting module and let N = ⊕ I M i be a local summand of M . Since M is lifting, there exists a direct sum decomposition
As C T and T is co-closed in M , by Lemma 2.4, C is co-closed in M . Since M is amply supplemented, C < ⊕ M , which contradicts to C M . Therefore N ∩ B = 0, as required.
By Lemma 2.3 and Theorem 3.2, we obtain the first main theorem. Furthermore,
and each e ii J(R) has a unique composition series. Hence R is a generalized uniserial ring. Let M be an extending (or lifting) module. First we assume that M is extending. Then M is lifting by [4, 29.7] . Hence M has an indecomposable decomposition. Next we assume that M is lifting. Since R is generalized uniserial, R is right perfect. Then there exists a direct sum decomposition M = ⊕ I M i , where M i is hollow by [7, Theorem 3.4] . Furthermore, M is extending.
Recall that a module H is called local if it is hollow and Rad(H) is small in H.
By Remark 2.1(b) and Theorem 3.3, we get the following two corollaries: 
Since M has the internal exchange property, we see
Since
Therefore g is an automorphism, which contradicts to g is not-unit. If M = H ⊕H 2 , then by the same argument, f is an automorphism, which contradicts to f is not-unit. Thus H has a local endomorphism ring. Next assume that H is a hollow module. By the same argument as above, we see that H has a local endomorphism ring. Proof. (ii), (iv), and (v) follow from Lemmas 2.5, 2.9, 3.7, and Corollary 3.8. We may show only (i) and (iii).
(
It is easy to see that [
By Lemmas 2.9(i), 3.7, and Corollary 3.8, M has the exchange property.
(iii) By assumption, each M i has the finite exchange property. Assume that End R (M i ) is not local. Then there exists an f ∈ End R (M i ) such that both f and 1 − f are non-isomorphisms of M i . Since M i has the finite exchange property, by Proposition 2.6, for any
This is a contradiction.
The following corollary is a direct consequence of Theorem 3.9. Motivated by Er's result mentioned above, we consider the following problem:
Problem 3. Let M be an extending module such that M (N) is a lifting module. When does the lifting property on M (N) imply the same on M (I) for arbitrary index set I? Moreover, does M have an indecomposable decomposition such that each indecomposable summand is local?
We show the following proposition. 
